MATH 11581Q): Calculus 1
Exam 1 Review Session

09/18,/2024

1 Practice Problems

1. Evaluate the following limits or show they do not exist.

(a)

. 22 +2x+5
lim ——
z—0+ rz—1
(b)
. 42245
lim
x—0— r—1
(c)
. 2?2 +2c+5
J;l—>0 x—1
(d)
. 3 — 16z
lim
z—4 22 —x — 12
(e)

. 3 — 322
lim ——
z—3— 12 —6x + 9
2. Find the vertical and horizontal asymptotes of the function
3+ 1

Y= 2 “ 122+ 9

w

. Graph the function
—2x+1 z< -2
fl)y=4¢3 x=-2,
2?41 x> =2

and evaluate the limits lim,, o f(z),lim,— o4 f(x), and lim,_,_o f(z). Is the function f(z) continuous
at —27

4. Assume f, g are continuous functions and that g(3) = 2 and lim,_,3(4f(x) — 16 f(x)g(z) + 3g(x)) = —22.
Find f(3).

(@1

. Apply the Intermediate Value Theorem to show that f(x) = 2® — 3z + 3 has a root on the interval
(—4,3).

6. Find the following limits or show they do not exist:
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(a)

. 423 + 1
lim
z—o00 823 + 222 + 5x + 6
(b)
I 520
im ———
z—o0 Tx4 + 32
(c)
. 50
im ——
z——oo Tt 4 3z
(d)
. z?
li
z——oco 1624 — 1822
7. Let
528 4+ 1
fo) = ot
(a) Compute
235, 1)
(b) Compute
B 2)
8. Evaluate the limit
lim 1;7—5
e=5\/x2 —9 — 4

2 Important Concepts to Know

2.1 Slope of a secant line

e Given a function f(z) and two points © = a,x = b, the secant line to f(z) is the line that passes
between the two points a, b.

e The slope of the secant line to f(z) is given by
f(b) — f(a)
b—a
2.2 Slope of the tangent line

Given a function f(x) and a point x = a, the slope of the tangent line to f(z) is given by either one of the
expressions below:

lim 710(1:) — f(a), or lim —f(a + h) — f(a)

T—a T—a h—0 h
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2.3 Limits

e The limit of a function f(z) exists at a point a if the one-sided limits are equivalent at that point, i.e.,

lim f(z) = lin f() = lim f(2)

rz—at rx—a
If the one-sided limits at the point © = a disagree, then the limit does not ezist.

e We say the function f(x) is continuous at a point x = a if

lim f(x) = f(a).

Tr—ra
e We say the function f(x) is continuous from the left at a if

lim f(z) = f(a).

r—a~

e We say the function f(x) is continuous from the right at a if

lim f(z) = f(a).

z—at

2.3.1 Procedure for determining whether/when a function is continuous (in general)

1. Determine any one-sided limits of f(x), if appropriate/necessary.

2. If you don’t know what the limit of f(z) is at the point due to some unknown variables, set the
one-sided limits equal to each other and solve for those unknowns.

3. Once you determine any unknowns, then determine the value of f(z) at the point in question (i.e., if
your point is a, check f(a).)

4. Once you determine f(«), check whether lim,_,,, f(z) = f(«).

(a) If lim,_, f(x) = f(«), then f(x) is continuous at a.
(b) If limg 4 f(x) # f(a), then f(z) is not continuous at «.

2.3.2 Determining the behavior of a limit at +co

1. For a rational function, determine what the highest order term is in the numerator and in the denom-
inator, respectively.

2. Factor out the highest order term in the numerator from the numberator, and also factor out the
highest order term of the denominator from the denominator.

3. Simplify any terms and proceed, trying to evaluate the limit.
Remember that

1
lim — =0, for any n > 0.

T—00 I
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2.4 Continuous Functions and Discontinuities

e Some examples of functions that are continuous everywhere: constant functions, polynomials, expo-
nential functions

e Some examples of functions that are continuous wherever they are defined: trigonometric functions,
logarithms

e There are several different types of discontinuities:

1. Jump discontinuities
2. Removable discontinuities

3. Vertical asymptotes

2.4.1 Asymptotes

e The vertical line x = a is called a vertical asymptote of the function y = f(z) if at least one of the
following statements is true:

1. limg—, f(z) = 00
2. limg o f(z) = 0
3. limy ot f(z) =00
4. limy, f(z) = —0
5. limg_q_ f

x) = —00
) = —00

e A function f(x) has a vertical asymptote at y = ¢ if either

(
6. limy 0y f(
lll)n;o f(x)=¢, or £ll)r_rloof(as) =c

e To determine whether a rational function has a vertical asymptote, check where the denominator
approaches 0.

2.5 Intermediate Value Theorem

Theorem 2.1 (Intermediate Value Theorem). Suppose that f is continuous on [a,b] and let N be any number
between f(a) and f(b), where f(a) # f(b). Then, there exists a number ¢ in (a,b) such that f(c) = N.
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